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1. Introduction

Goal

Test multiple hypotheses in a sequential or non-sequential
experiment and reach a decision on each individual test.

Clinical Research

e Testing efficacy and safety e Multiple endpoints
e Multiple populations e Multiple treatments

Quality Control
e Acceptance sampling with several criteria of acceptance.

Multichannel change-point detection

e When a change occurs in one of the parameters, detect it as
soon as possible, controlling for the rate of false alarms.
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Multiple testing in literature

Selection of the best treatment

Drop inferior treatments at interim points
Jennison, Johnstone & Turnbull (1982), Paulson (1964)

Multi-class classification
A null hypothesis Hy : 6 € ©q is tested against several alternatives,
Hi: 0€01vs..vs H,: 0 € O, where 6 is the common

parameter of the observed sequence
Armitage (1950), Baum & Veeravalli (1994), Novikov (2009),

Simons (1967)

These are not our problems.
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Multiple testing in literature

Inferences about a multivariate parameter

Inference about individual parameters is not required

Ghosh, Mukhopadhyay, and Sen (1997), sec. 6.8 and 7.5
Sinha (1991)

In particular, testing a composite null hypothesis
Ho: 61 =...=0k vs Ha : not Hy

e.g. equality of treatment effects

Betensky (1996), Edwards (1987), Edwards & Hsu (1983),
Hughes (1993), Jennison & Turnbull (2000), chap. 16, O'Brien &
Fleming (1979), Siegmund (1993), Wilcox (2004), Zacks (2009),
chap. 8

This is not our problem.
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Our problem -

simultaneous testing of multiple hypotheses

Test multiple hypotheses in a sequential or non-sequential
experiment and reach a decision for each individual test.

Test k individual hypotheses about parameters #(1)_ ... 9(K) of
observed data {X1,...,X,} or {X1,X2,...},

HY 0, =00 vs HY: 6 =6,

H 0 =00 vs  HE . 6, =6l
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Our problem -

simultaneous testing of multiple hypotheses

Test multiple hypotheses in a sequential or non-sequential
experiment and reach a decision for each individual test.

Test k individual hypotheses about parameters #(1)_ ... 9(K) of
observed data {X1,...,X,} or {X1,X2,...},

HY o0 <0P vs HY 6y > 600,

H o <68 vs HE g, > 00,
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Simultaneous testing of multiple hypotheses

e Test d individual hypotheses about parameters 81, ... (k) of
observed data {X1,..., X} or {X1,Xo,...},
HY o, =00 vs HY . g =0,

H 0 =00 vs HE .6, =6l

e Control
Familywise Type | error rate = FWER,

= max P {reject at least one true null hypothesis} < «

Familywise Type Il error rate = FWERy,
= max P {accept at least one false null hypothesis} <

e Minimize the sample size n, expected sample size E(T),
expected cost, or risk under these conditions.
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Simultaneous testing of multiple hypotheses

e Control in the strong sense

FWER, = (emaé : P U reject H(()f) ‘ 01,....0, 5 <a
e |
)
FWER, = (emaé : P U accept H(()f) ‘ 01,....0, b <8
SRCL P

e Minimize the sample size n, expected sample size E(T),
expected cost, or risk under these conditions.
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Simultaneous testing of multiple hypotheses

e Control in the strong sense

p

FWER, = ( max ) P U reject H(()J) ‘ 01,....0, » <«
01,..,0k .
) J=L,.k
3j 1 Hg'is true H(g")is true
FWERy =  max = P J  accept HY ‘ br.....0,% <3
01,...,0k .
) Jj=1,....k
Jj 1 Hg'is false \Héj)is false

Related problems

Controlling FDR, FNR, FDP -  Bartroff (2018), Bartroff & Song (2020)
Chen & Arias-Castro (2021)

Bayesian formulation - Kachiashvili (2014, 2015)
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Bonferroni approach

Conduct each test at o = o/d and ; = 3/d.
Stop at
T =min{n: all tests reached decision }

Error rates are controlled by the Bonferroni (Boole) inequality

FWER-I = P{| J Type I error on HY'} < 3" P{aj} = a

F J
FWER-Il = P{ U Type Il error on Héf)} < Zp{ﬁj} =p
j J

The inequality is not sharp, there is room for improvement.

Pocock, Geller, Tsiatis (1987)
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Holm Approach and Stepwise Methods

Holm-Bonferroni approach

Based on p-values ps, ..., pg for Hél), ey H(gd).
Order: |

most east
P(1)( significant )< PRS- S p(d)( significant )

pa) against a1 =a/d,

Compare P2) .e'aigamst ar = af(d —1),

P(a) against ag =«

If p(jy < a; then reject Héj) and continue.

When p(j) > «;, stop and accept all H(()k), k>j.

Holm (1979)
Comparing with Bonferroni -
a-levels are higher but FWER-I is still controlled!
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Non-sequential developments and generalizations

In a row of ordered p-values, start with some p-value, proceed in
either direction.

@ Holm and Hommel step-down methods controlling FWER-I
Hommel (1988)

@ Benjamini-Hochberg step-up and Guo-Sarkar method
controlling false discovery rate —
Benjamini & Hochberg (1995), Sarkar (2007)

Fallback procedure: recycle ac — Wiens & Dmitrienko (2005)
Use dependence — Shaffer (1986)

Use independence — Sidak (1967)

Use normality — Pocock, Geller, Tsiatis (1987), Tang, Geller, Pocock
(1993)

Fixed-sequence — Maurer et al (1995)

@ For the modern overview, see Dmitrienko, Tamhane, and Bretz (2010)
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Wald's SPRT

Test HY) vs HY) by Wald's SPRT

with stopping boundaries

o 1-5; o Bj
aj—|n< o >, bj_ln(l—og)

O, x5 00
(XD, x9 169))

for the LLR statistic /\9) =In

It controls both errors N
P {Type l error} < q; Stop, reject Hy
P {Type Il error} < §;
for each j 0 U
Stop, accept Hy
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Remark on Wald's approximation

Wald's stopping boundaries are based on the
, Cot ) )  p.
Wald's approximation, /\Tj A aj or /\Tj ~ b;

at stopping time T; = min {n A\ ¢ (bj, aj)} :

Then )
Accept Hé ) b,

PN 2o M) = o ok
J

PIND < b | HPL ~ 3

by a

0 3 A

This may be inaccurate
in multiple testing.

Reject Hél)
Accept Héz)
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Remark on Wald's approximation

For this stopping rule, Wald's approximation is inaccurate: /\(7},-)“ % a1, by

For Y proper stopping time T

w.r.t. a vector sequence (X1, X2,...),
such that P{At € (b,a)| T} =0

for some b < 0 < a and any combination
of true null hypotheses T and any test
that rejects Hy iff A+ > a,

P {Type I error on Hy}

Accept Hél) by
Reject H(SZ)

b

Lemma

NS 7 Reject
both HY

ar

M

Reject Hél)
Accept Héz)

P{Ar>al0} <e?

<
P {Type Il error on Hy} < P{AT < b|6;} < e.

So, a sequential Bonferroni test with stopping boundaries
aj = —In(aj/d), bj = In(B;/d) controls FWER-I and FWER-II in
the strong sense and rigorously, without an approximation.
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2. Sequential Bonferroni approaches

“Tmin" rule

At the first acceptance or rejection, stop.
Conservatively accept all the remaining null hypotheses.
Jennison & Turnbull (2000), chap. 15

(2) ;
1 A Bonferroni
Accept 11((2)) " Reject both :
Reject H adjustment

: 1 aj =a/d
? |_Tmin B =B/d
o /)N AY
o ' iia1 - Controls FWER-I
5 ! but not FWERK-II.
‘ Low power

Reject H(1)
Accept both Accept H(?)
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Sequential Bonferroni approaches

Sobel-Wald “Incomplete Tmax" rule
Continue beyond Tmin, until T = max(Ty,..., T4),
Stop testing Héj) at Tj = inf {n . AY) ¢ (bj, aj)}.

(2) Sobel & Wald (1949)
A

1 .
Accept H(D Reject both Bartroff & Lai (2010)

Reject H(2)

Tmin Controls both
/\Sbl) FWER-I, FWER-II.

Ignores data
X,SJ) forn> T;.

Reject (1)

Accept both Accept H®)
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Sequential Bonferroni approaches

Ignore or keep resolved sequences?

What to do with the j-th sequence X,,U) when H(()j) has already
resolved, but some H((,k) hasn't?

Cost per sampling unit (patient)

©)
/\TI,
= keep all data :Zf:&t:((;)) Reject both
= this is our case a

. : min
Cost per measurement (treatment) h\': A
= terminate those resolved . ° 1 h
= this may also happen /
Bartroff and Song (2014) ‘ Tmaz‘

and references therein

Reject #(1)
Accept H(®)

Accept both

Both costs = ?
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Improvement: “Complete Tmax” rule

Use all the data from all the sampled units. Extra cost ~ 0!

Satisfy the sufficiency principle.
Make decisions based on {/\(7},),,3“ ... 7A(7"jrzrax}-

(#nax € (bj, aj) ending inside the

But... what to decide for A
continue-sampling region?

A2
Q;C:C’f ]f((;)) " Reject both
: 1
az We could have rejected Hé )

at time T™" but sampling
continued,

and by the time T,
/\511) returned to

the sampling region.

A both Reject H(D
ceept bot Accept H?)
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Improvement: “Complete Tmax” rule

Rao-Blackwellization

At time T}, there was a decision on H(gj).

At time T, compute p; = P {A('IJ',) > aj| Aymex, Tmax}

Randomized decision rule Dj’f rejects H(gj) at time 7™ with
probability pjf.

Rule D* strongly controls Type | and Type Il familywise error rates
at levels « and 5.

Food for thought:

D7 may reject H(gj) when /\(%.)max < bj or accept when /\(#W > aj.
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Improvement: “Intersection” rule

Sample until T = min {n A9 ¢ (bj, a)) Vj}.
The first time when there is a clear Wald's decision on each test.

Accept H(1)
Reject H(?)

AP

Reject both

Accept both

Michael Barén, baron@american.edu

Reject g1
Accept H(®)
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Tint js proper.

{ FWER,

<
FWER, <

™ Q

Cost:
E( Tint) > E(Tmax)
but E(T™) ~ E(T™)



3. Sequential Holm-type stepwise testing

Sequential step-down (sequentially-rejective) procedure
Stopping boundaries a; = — logaj = — log(c/(d — j + 1)) and
arbitrary b <0 forj=1,...,d

Having observed X1, ..., X, order log-likelihood ratio statistics,

A > AR S s Al

Step 1. |If /\E] < by then accept all H([)ll e H(gd]
If /\E,ll € (b1,a1) then continue; sample X 41
If /\LI] > a then reject Hgl] and go to /\Lz]
Step 2. |If /\E] < by then accept all H(gz] ce H(gd]
If /\L2] € (by,a2) then continue; sample X1
If AE] > a then reject H([JQ] and go to /\E]
etc.
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Sequential step-down (sequentially-rejective) procedure

12345678910 12345678910

bj bj

@ Continue sampling @

d
Stopping rule T; = inf {n : ﬂ /\H] & (bj, aj)}
j=1
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Sequential step-down (sequentially-rejective) procedure

e Stopping rule T = inf {n : ﬂj-lzl /\H] & (bj, aj)} is proper.
o Sequentially-rejective scheme strongly controls FWER-I.
That is, for any set T of true hypotheses,

P{T1<OO‘T}:1

P {at least one Type I error| T} < .

Combination of the stepwise idea for efficient multiple testing with
Wald's sequential probability ratio testing of individual hypotheses.

Tighter stopping boundaries = reduced expected sample size
E(T) under any combination of true and false hypotheses.
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Sequential stepwise testing

Sequential step-up (sequentially-acceptive) procedure

Stopping boundaries b; = log 5; = log(3/(d — j + 1)) and arbitrary
aj>0forj=1,...,d

Having observed X1, ..., X, order log-likelihood ratio statistics,

Step 1. |If /\f,l} > ai then reject all Hél} ey Héd}
If A}{,l} € (b1,a1) then continue; sample X1
If /\}{,1} < b1 then accept Hgl}, go to /\,{,2}
Step 2. If /\f,2} > ao then reject all Héz} ey Héd}
If Af,z} € (bz,a2) then continue; sample X1
If /\22} < by then accept Héz}, go to /\;{,3}

etc.
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Sequential step-up (sequentially-acceptive) procedure
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Sequential step-up (sequentially-acceptive) procedure
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Sequential step-up (sequentially-acceptive) procedure

o Stopping rule T, = inf {n : ﬂj‘-j:l /\}{,j} Z (bj, aj)} is proper.
@ Sequentially-acceptive scheme strongly controls FWER-II.

That is, for set T of true hypotheses,
PT{TQ < OO} =1

and
P {at least one Type Il error} < 3
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Sequential stepwise testing: Intersection Scheme

To control both FWER-I and FWER-II

Combine the sequentially-rejective and sequentially-acceptive
schemes. Stop when each scheme stops.

AY!
Stopping rule:

T =inf{n: (\AJ & (b}, a))

Tighter boundaries than Bonferroni's.
Hence, smaller E(T).
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The Intersection Scheme

Intersection

@ Intersection of stopping conditions.
This scheme stops when both step-up and step-down schemes

stop.
@ Intersection of acceptance regions and rejection regions.

Acceptance Region(T*) = A.R.(T1) N A.R.(T2)
Rejection Region(T*) = R.R(T1) N R.R.(Tz)

Being a special case of step-down and step-up schemes at the same
time, the Intersection Scheme controls both FWER-1 and FWER-II.
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The Intersection Scheme

@ The stopping rule

. CA 5 a .
T =inf<n : JQ /\H] ¢ (Iogj,—logderl> is
proper
e Strongly controls both familywise Type | and Type Il error
rates.
That is, for any set T of true hypotheses, Pt {T* < oo} =1,

P {at least one Type | error} < «,

P {at least one Type Il error} < f5.
De and Baron (2012b)

Further, T* is asymptotically optimal.
Song and Fellouris (2017)

Michael Barén, baron@american.edu Multiple Testing 32



Comparison of savings

Sequential
Bonferroni

() 7 o
Accept Hél) A Z Reject
/ .
Reject H{” Z both HY)
7
7
—Ing | Ty
In2 0 —~Ing AW
iy ) Ing
7
Accept _ Z Reject H(gl)
both HY) Accept H?
7

Michael Barén, baron@american.edu

Multiple Testing



Comparison of savings

Accept H(()l)
Reject H(gz)
Sequential
Bonferroni
VS
Sequential o —
Holm In2 Inp 0 —Ina —Ing A
7 Thng
s, 1 |”§
7
Accept Z Reject H(gl)
both HY) Accept Hy”
7
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Comparison of savings

Ha1 Hﬂ2 Non-Seq Bonf Non-Seq Holm Seq Bonf Seq Holm
025 0.26 208 170 155 140
025 03 208 169 139 126
025 035 208 168 127 118
D= 025 04 208 168 122 113
025 045 208 168 118 109
025 0.5 208 169 116 108
025 08 208 169 114 106
0.25 1 208 168 113 106

Michael Barén, baron@american.edu Multiple Testing



Comparison of savings

Non-Sequential

Bonferroni
19-30% 44-57%
48-68%
Non-Sequential Sequential
35-57% 4-30%

Sequential
Holm
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4. Large number of tests. Generalized error rates.

Situations with 100s-1000s of tests: biology, genomics, computer
science, communications, and many other areas
Devlin & Roeder (1999); Siegmund, Yakir & Zhang (2011);
Dmitrienko, Tamhane & Bretz (2010); Efron (2010)
Controlling FWER:s is too stringent. Needs huge samples.
Instead, control generalized error rates:

GFWER(K) =  max = P 3 /{ reject H(Sf)} >k <a
Loro¥d i=1,....d
Jj : H[()")is true I{I((ji)is true
GFWER;(m) = (9ma>§ : P Z I{ accept H(g’j)} >mpy<f
1r-50d 1 .d
Jj - H(()")is false I-Jléj)is false
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Controlling generalized error rates

Method of Reduced Boundaries

Increase the o; and f3; levels = shrink the continue-sampling
region:

d+k—j
e o>k,
(k) ak
a3 —
J d _
In — for j < k,
ak
Inm—ﬁ, forj<d+1—m,
b(m) _ m—1+4
J m/B i
InT forj>d+1—m,

For non-sequential experiments, Lehmann & Romano (2005)
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Method of Reduced Boundaries

hi ordered log-likelihood ratios

Tim — at the stopping time Ty, = inf {n : ﬂj-/:l AU ¢ (bj(-m), aj(-k))}

Reject the
corresponding
null hypotheses

Accept the
corresponding
null hypotheses
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Method of Reduced Boundaries

For any k, m, «, and (3,
e Stopping time Ty is proper.

@ The Reduced Boundary sequential testing procedure controls
GFWER/(k) and GFWERy(m) in the strong sense.
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Curtailed Method

Stopping rule
d -
r=rim=inf{ n: > 1 (N € [, An]) <kt m—2
j=1
where
An = sup i bj < A < aJ}

{
B, = mf{ AU b</\[’]<aj}
d—

J+1
aj = log

bj = Iogé_, forj:]_’,”,d
J
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Curtailed Method

ordered log-likelihood ratios at the stopping time
7 =inf{n: no more than (k + m — 2) LLRs are between A, and B,}

‘\‘\ﬂ\_\\ Reject all Hg]
— with AUl > A
Ar and at most

gd i1 (k — 1) with
a N e [B,,A]

AU —

aj=lo

Accept all Hg]
with AV < B,
and at most
(m — 1) with
N e [B;, Al
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Curtailed Method

For any k, m, «, and (3,
e Stopping time Ty m is proper.

@ The Curtailed sequential testing procedure controls
GFWER/(k) and GFWERy(m) in the strong sense.
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Performance evaluation

Generate a sequence X1, Xa,... € R

Xi(j) ~Normal(6;,1) for j =1,...,d/2
Xl_(/) ~Bernoulli(p;) for j=d/2+1,...,d
Test

HY =0 vs HY: 0,=05 for j=1,....d/2
HY . pj=05 vs HY: p=075 for j=d/2+1,...,d

at the nominal familywise error rates & = 0.05 and 8 = 0.10.

Let Hél"“’d/4) = true, H((,d/4+1""’d/2) = false,
H(gd/2+1,...,3d/4) — true, H(g3d/4+1,...,d) — false.
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Performance evaluation

How much is saved due to sequential sampling?

Number Lehmann-Romano Sequential scheme
of k, m n GFWER/ GFWER” Scheme GFWER/ GFWER”
tests (%) (%) (%) (%)
d—12 | 2 2 85 0.47 0.05 Reduced <0.01 0.01
a ' 58 0.53 3.33 Curtailed 0.17 0.45
d—40 | 2 2 130 0.42 <0.01 Reduced <0.01 <0.01
o ' 101 0.80 0.14 Curtailed 0.09 0.19
d—60 | 3 3 142 0.11 <0.01 Reduced <0.01 <0.01
- ' 102 0.07 0.05 Curtailed 0.01 0.04
d=100 | 5 5 156 <0.01 <0.01 Reduced <0.01 <0.01
- ' 105 <0.01 <0.01 Curtailed <0.01 <0.01

*In each case, the Lehmann-Romano procedure uses the same sample
size as the expected sample size of each sequential scheme
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Performance evaluation

Adjusted boundaries to yield GFWER; ~ 0.05 and GFWER); ~ 0.10

=
o wn H o~
]| mm e ome | o
0 Lehmann-Romano 35 5.06 11.47
9 ’ Curtailed 28.4 4.92 9.72
Il 09 Lehmann-Romano 42 483 0.68
© ' Reduced 34.5 4.97 9.82
0 Lehmann-Romano 65 5.09 10.9
< 5 Curtailed 58.0 4.80 9.95
Il 09 Lehmann-Romano 62 4.90 9.56
© ’ Curtailed 46.9 4.87 10.0
0 Lehmann-Romano 55 4.03 8.56
3 3 Curtailed 49.7 4.94 10.0
I 0.9 Lehmann-Romano 55 4.84 95
© ’ Curtailed 41.9 4.69 9.99
o 0 Lehmann-Romano 438 4.39 9.44
S 5 Curtailed 43.0 4.93 9.71
Il 09 Lehmann-Romano 51 5.01 10.16
© ' Curtailed 36.7 4.87 10.01
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Performance evaluation

How much is saved due to weaker constraints (GFWER)?

TG
© 8| Testing 7 GFWER(k) GFWERy(m)
é} 8|  scheme k,m ET (%)I (%)
S| Intersection | 1,1 91.8 0.62 0.91
Il Reduced 2,2 84.5 <0.01 0.01
T | Curtailed | 2,2 || 57.9 0.17 0.45
2 | Intersection | 1,1 || 137.9 0.24 0.29
Il Reduced 2,2 129.7 <0.01 <0.01
O | Curtailed | 2,2 || 101.0 0.09 0.19
3 | Intersection | 1,1 || 154.2 0.21 0.19
Il Reduced 3,3 141.3 <0.01 <0.01
T | Curtailed | 3,3 || 101.7 0.01 0.04
§ Intersection | 1,1 || 175.7 0.09 0.12
I Reduced 5 5 155.4 <0.01 <0.01
- Curtailed 5,5 104.5 <0.01 <0.01
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5. Further optimization - minimax solutions

Bonferroni approach -
Conduct each test at o = a/k and 3; = 3/k G‘
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5. Further optimization - minimax solutions

Bonferroni approach -
Conduct each test at o = a/k and 3; = 3/k G‘

But tests differ by effect size!
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5. Further optimization - minimax solutions

Bonferroni approach -
Conduct each test at o = a/k and 3; = 3/k g

But tests differ by effect size!

Example: test the following hypotheses at o; = 0.0125, 8; = 0.025, to
have FWER; < 0.05, FWERy; < 0.10

° él) 0 =0 s Hi\l) 0 =05
based on Xl(l),Xz(l), L~ Normal(a(l), 1)

° Héz) 0 =0 s Hi\z) 10 =05
based on X1(2),X2(2), ...~ Normal(6®,0.2)

° Hé3) 10G) =05 vs H£‘3) 103 =0.75
based on X{¥ X{*) ... ~ Bernoulli(6®)

o HY:0® =05 vs HY:9® =06
based on X{*), X{ ... ~ Bernoulli(6®)
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5. Further optimization

Bonferroni approach, non-sequentially -
Conduct each test at o = a/k and 3; = 3/k e’
But tests differ by effect size!

Example: test the following hypotheses at o; = 0.0125, 8; = 0.025, to
have FWER; < 0.05, FWERy; < 0.10

° él) 0 =0 vs Hi\l) 0 =05 Required sample size
based on {X), ..., X"} ~ Normal(6(), 1) m =71

° Héz) 0@ =0 vs Hi\z) 10 =05 Required sample size
based on {X\?, ..., X} ~ Normal(6?,0.2) m=3

° Hé3) :0C) =05 vs H£‘3) 103 =0.75 Required sample size
based on {X*, ..., X} ~ Bernoulli(6®) ny =71

o Hé4) 0™ =05 vs HE‘A') 0™ =06 Required sample size
based on {XV, ..., X} ~ Bernoulli(6(*)) ny = 442
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5. Further optimization

Bonferroni approach, non-sequentially '
Conduct each test at o = a/k and ; = 3/k G
But tests differ by effect size!

Example: test the following hypotheses at a; = 0.0125, 8; = 0.025, to
have FWER, < 0.05, FWER;; < 0.10

o H 00 =0 vs Hi\l) 0 =05 Required sample size
based on {Xl(:l ,...,X,Sl)} ~ Normal(6(™), 1) m=T1
o H 0@ =0 vs Hf) 10 =05 Required sample size
based on {xl(2 L. XP) ~ Normal(6®,0.2) np =3

o H :0B) =05 vs Hf) :03) = 0.75 Required sample size
based on {X1(3 LX) ~ Bernoulli(6®)) ns =71

o H 0™ =05 vs H/E‘4) 04 =0.6 Required sample size
based on {X1(4 LX) ~ Bernoulli(0®) n = 442
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5. Further optimization

Bonferroni approach, sequentially -
Conduct each test at o = a/k and 3; = 3/k e’
But tests differ by effect size!

Example: test the following hypotheses at o; = 0.0125, 8; = 0.025, to
have FWER; < 0.05, FWERy; < 0.10

° H(l) 61 =0 vs Hi\l) 0 =05 Expected sample size
based on {X"), X, ...} ~ Normal(6™), 1) E(Ty| Ha) ~ 33.2

° H(z) 0 =0 vs Hi\z) 10 =05 Expected sample size
based on {X?, X{? ..} ~ Normal(§®,0.2)  E(T»| Ha) ~ 1.3
° Hé3) :0C) =05 vs H£‘3) 103 =0.75 Expected sample size
based on {X?, X{*) ...} ~ Bernoulli(6®) E(Ts| Ha) ~ 31.8
o Hé4) 0% =05 vs HE‘A') 0™ =06 Expected sample size
based on {X", X{* ...} ~ Bernoulli(¢®) E(T4| Ha) ~ 206.4
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Bonferroni approach, sequentially

A4 , Stop, reject Hg

A 4 Stop, reject Hy
n

AG) 4 Stop, reject Hy
n W
44 Stop, reject Hy
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Bonferroni approach, sequentially

A4 X Stop, reject Hg
AR 4 f Stop, reject Hy
/
3) 4 Stop, reject Hy
-~
A 4 A0 e b

P—————
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Minimax problem

Minimax error spending:

Minimize n = 1ma>/<((nj) or E(T)=E {{nai(TJ)}

goooy geeey

(non-sequential version) (sequential version)

k

subject to Zaj = q,
j=1

k
> B=8
=1
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Minimaxity in non-sequential experiments

Test HY o, =60 vs HY o =0,

Tested at levels «j, 3;, with (=)Normal 51 test j requires

-1 ) 1 ) 2
b (aj);q) (51)> , where
j

sample size n; = <

o) ()
170 | is the standardized effect size, or Cohen's d
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Minimaxity in non-sequential experiments

Test HY o, =60 vs HY . g =0

Tested at levels «j, 3;, with (=)Normal 51 test j requires

o L(ay) + cb—l(/sj)){ here

sample size n; = <

0j
o) )
5 = |2 01 is the standardized effect size, or Cohen’s d
0j
o Yaprois)?
nj = %) for a one-sample design
J
—1y =105 2
nj = 2 (%jq’(@) for a two-sample design
—1, “1a0\ 2
nj = 2(1-p) %jb(ﬁ’)) for a matched-pairs design
1 N a1paa 2
nj = % (%ﬁm) for a crossover design
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Minimaxity in non-sequential experiments

o—L(a )L b=1(5)\ 2 Smaller effect size o;
nj = Cdesign < (aj)éj (BJ)) [k
5 more difficult test
_ (¢_1(aj)+¢_1(/3j)) U
%i//Cdesign requires a larger sample

General approach
Information I, is defined through E(Z,) = 0+/I,.
In terms of /,, Cesign = o/ In/n.

For the unified approach, design coefficient Cyesign can be merged
with the effect size ¢;.

Jennison & Turnbull (2000)
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Minimaxity in non-sequential experiments

o—1(a)d=1(3)\ 2 Smaller effect size ¢;
N = Cesign (M) I
2 more difficult test
(¢-l(a[)+¢—1(5f)) U
%i//Cdesign requires a larger sample

Required sample size

(‘Dl(aj) +o71(5)

2
n = max(n;j) ~ max 5 ) — minimize in {¢;, B;}
J

9y EEREE)

. k k
subject to ijl o =Q; Qi Bi=5

This is a minimax problem and its solution is an equalizer.
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Minimaxity in non-sequential experiments

nm=...=ng

subject to Y aj =a, Y58 =0

Equalizer =

An equalizer is not unique:

(2k)  unknowns = a,...,ak P1,---, 0k
(k+1) constraints = FWER;, FWERy, and ny =...= ng
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Minimaxity in non-sequential experiments

¢*1(aj>+¢*1<6j>>2

S

subject to Y aj = a, Y58 =6

Equalizer =

An equalizer is not unique:

(2k)  unknowns = ag,...,ak P1,-.-, 0k
(k+1) constraints = FWER;, FWERy, and ny =...= ng
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Minimaxity in non-sequential experiments

O Moy | (B>
(Sj J + §j J )

= =

subject to Y aj = a, Y58 =6

Equalizer =

An equalizer is not unique:

(2k)  unknowns = ag,...,ak P1,-.-, 0k
(k+1) constraints = FWER;, FWERy, and ny =...= ng
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Proportional error spending

m=...=ng

Equalizer = K
subject to Z’f a=a, Y =0

A convenient solution, close to being minimax, is to let

e~
= const = ¢, and 5(@) = const = cg.
j

o~ (ay)
oj

Then
o = d(—cadj), ﬁJPmp = ®(—cgd)),

2 ¢(-d)) = «a
2 ®(=¢pdj) = B

nj = (ca + ¢5)? = const.

where ¢, cg are solutions of { , and
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Minimax error spending (derivation)

Lagrangian (s = /n):
L=s+3A (—%w — S> A3 05— a) +Xs(2; B — B)-

oL __ Aj _ oL _ _ Aj _
90, = "5 t@y T =0 55 = —sgea@y T =0

The minimizer has

(@~ (o))
d(®~1(5)))

1, 14
But also, —M = s =./n= const.

J

=const = (O Hq;))? — (®71(B))? = const = C

OB _ copst = s
= 5f = solution

(® (o) — P71(B}))d; = const = t
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Minimax error spending (solution)

Minimax error spending:

j 26,/ J 2@/

where C and n are solutions of
k n$+c
> o x
= 20; f
k nﬁ C
g 25[ = p

Take nP™P and CP™P = (&~ (af"))* — (®~(B]""))? as initial guesses
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Performance comparison

Example

Test
o HY: 00 =0 vs HV oW =05 Required sample size
based on {Xl(l), . ,xn(l)} ~ Normal(8®), 1) ny =71
° Héz) 0D =0 vs H/E\Z) 0@ =05 Required sample size
based on {X1(2), . ,X,(,z)} ~ Normal(6(?,0.2) n, =3
° (()3) 03) =05 s Hﬁ\3) 903 =0.75 Required sample size
based on {X1(3), e ,X,@} ~ Bernoulli(6()) n3 =71
o Hé4) 04 =05 vs HX‘) 0™ =0.6 Required sample size
based on {Xl(4), . ,xn(“)} ~ Bernoulli(9¥)) ng = 442

Michael Barén, baron@american.edu Multiple Testing



Performance comparison

Example
Test Error spending
Test] o [ B [ n
° Hél) 0 =0 s H&l) -91) =05 Standard Bonferroni, n = 442
based on Xl(l), X ~ Normal(6®), 1) 1 0.0125 0.025 70.6
2 0.0125 0.025 2.8
3 0.0125 0.025 70.6
o HP 0@ =0 vs HY:0? =05 4 0.0125 0.025 | 4413
based on X(2) X,(,2) ~ Normal(6(?,0.2) Proportional, n =216
1 [1.95-107% [6.36-10"%% [ 215.2
o HY 00 =05 vs HY:0® =075 | 2 |280- 10*3‘; 1.07- 10*23 215.2
@ 3 _ - 0(3) 3 |1.95-107% | 6.36-10% | 215.2
based on X; L, Xp Bernoulli(6'%)) 2 409.10-92 | 9.87.10-92 | 215.2
. 4 Minimax, n = 215
o HY:0W =05 vs HY :0® =06 1 93710 %5 ] 1.65-10 % | 2146
based on XY ..., X" ~ Bernoulli(6(*) 2 |248.10775 | 4.23-10"75 | 214.6
3 1937-107% | 1.65-107% | 214.6
4 |498-10792|0.96-10"9 | 214.6

Michael Barén, baron@american.edu Multiple Testing 68



Finite-Sample Optimal Error Spending

Optimal o1 and ap, the case of k = 2 tests

0.05
0.045
N 004
o]
o aq
c 0085
©
S 003F
[}
S 0025
©
c
O o002-
Q
7]
= 0015
o
=
=
w oot
0005
0 05 25 3 35

1‘5 2
Delta-ratio 61 /52

§; = effect size, measure of difficulty of test HU)
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We almost knew that... asymptotically

Asymptotic result (Pitman alternative) Consider an array of
sequences of observed RY random vectors

X1, Xo1, oo Xig, -

Xw, Xoy, -+ Xjy, =~

In the v row, X,.(l{) ~ (- ’91(11') ).
Test ' ' _ . | |
Hé{j) - QY) = 9(()1) vs HE‘J) . 0Y) = 9(()1) +e

forj=1,...,d, where e, | 0as v = o0, 1, < ¢j, for j > 1

so that the first test is the most difficult.
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Asymptotically optimal error spending

Let o, | 0, B, | O are chosen so that

2 2
g gj
|Inwja,| = o <J”> and |Inw;B,|=o0 (ﬂ'>

E1v E1v
for w; >0, Zg wj =1, and j =2,...,d. Then, error probabilities

a1y = 0 — Oy, ,311/ = 6 - /81/7 and,

oy, = wjay, B =wB, for j>1,

are asymptotically optimal. De and Baron (2012a)

Michael Barén, baron@american.edu Multiple Testing



Applications in Clinical Trials

Clinical Trial of Flector® Patch
The trial was designed to establish that:

(1) Generic patch is as good as the brand
name Flector® patch (bioequivalence)

(2) Both of them are more efficient than placebo (efficacy)

By the protocol, the total of 510 patients were randomized into
three treatment groups, n = 170 into each group, to attain a
power of 0.99 on bioequivalence and 0.86 on efficacy under

o = 0.05 for each test.

Cost: between $1800 and $3600 per patient (diagnostics,
treatment, insurance, stipend, transportation, lodging, meals,
documentation, and data management) + fixed costs ~ $2.9M.

Michael Barén, baron@american.edu Multiple Testing



Application: Clinical Trial of Flector Patch

Estimating standard deviations from earlier trials of similar
products, the problem reduces to a multiple hypothesis testing

HY:r=08 vs HY . r=1;
H(()2):A:,ur—up20 Vs H/(L\z):A:4;
with
o1 =0.373, a3 = 0.05, 51 = 0.01; 0 =19.01, ap = 0.05, 5> = 0.14.
Ax— Ao

02

raAa—Tr
01

We see that §; = =0.21,

=0.54 and 6, = ‘

so Test 2 is more difficult.
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Application: Clinical Trial of Flector Patch

Design adjustments:

e Test of bioequivalence between two samples of size n

= Replace 01 with 07 = oL = 0.38.

V2
e Test of efficacy between two samples of sizes 2n and n

2
= Replace d> with 65 = 52\/; =0.17.

Test 2 is still more difficult.
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Application: Clinical Trial of Flector Patch

e Non-sequentially, we can control FWE rates at the same levels
with n = 163 instead of n = 170 in each treatment arm.

e Optimal error spending: « = 0.10 = 0.0056 + 0.0944. The
efficacy test is harder, so as > a1

e Sequentially, the same error spending brings the saving
between 21% and 45% on the expected sample size

True combination of null
and alternative hypotheses

H(gl)7 Hé2)

Hgl)7 Hé2)

’_’,(gl)7 H,(42)

Hgl)7 Hf)

Expected sample size H 92.7 ‘ 114.7 ‘ 117.8 ‘ 134.1 ‘
Type | familywise error rate 0.0774 0.0682 0 0
Type Il error probability, Test 1 0 0.0040 0 0.0022
Type Il error probability, Test 2 0 0 0.1099 0.0868
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Sequential experiments

Example:

o H 00 =0 vs H/(L\l) 0 =05 Expected sample size
based on {x“) X\, } ~ Normal(§¥),1)  E(Ty| Ha) ~ 33.2

o H 03 =0 vs Hf) 10 =05 Expected sample size
based on {Xl(z),xz(z’, o}~ Normal(02),0.2)  E(T>| Ha) = 1.3

° Hé3) :0G) =05 vs Hf) 103 =0.75 Expected sample size

based on {xl(3),x2‘3’, . } ~ Bernoulli(6®) E(T3| Ha) ~ 318
o Hé4) 0% =05 vs HE‘4) 0™ =06 Expected sample size

based on {Xl(4),X2(4), N } ~ Bernoulli(0®)  E(T4| Ha) ~ 206.4
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Sequential experiments

Example: Bonferroni spending
o H 0N =0 vs H/(L\I) 601 =05 Expected sample size
based on {xl(l),xz(”, <o}~ Normal(8®,1)  E(Ty| Ha) ~ 332

° H 10 = Vs Hf) 10 =05 Expected sample size

based on {X1(2), X3 . } ~ Normal(6®),0.2) E(Ty| Ha) ~ 13

° Hé3) :0G) =05 vs Hi‘a) 103 =0.75 Expected sample size
based on {X1(3),X2(3), N } ~ Bernoulli(6®) E(Ts| Ha) ~31.8

o H 0™ =05 vs HX‘) 04 =0.6 Expected sample size
based on {X(4) x® } ~ Bernoulli(A(*) E(T4| Ha) ~ 206.4
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Sequential experiments

Example, with the same error spending: Minimax spending
o H 0N =0 vs H/(L\I) 601 =05 Expected sample size

based on {Xl(l),Xz(l), . } ~ Normal(6(), 1) E(Ty| Ha) = 74.2

° H 10 = Vs Hf) 10 =05 Expected sample size
based on {x1(2), X2, } ~ Normal(0®,0.2)  E(T| Ha) ~ 55.0

° Hé3) :0G) =05 vs Hi‘a) 103 =0.75 Expected sample size
based on {X1(3),X2(3), . } ~ Bernoulli(6®) E(Ts| Ha) ~ 70.9
o H 0™ =05 vs HX‘) 04 =0.6 Expected sample size

based on {X(4) X } ~ Bernoulli(8®)  E(T4| Ha) ~ 118.3
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Sequential experiment: simultaneous SPRT

Sequential log-likelihood ratio statistics N
A4 Stop, reject Hy E
A2 Stop, reject Hg
A4 Stop, reject Hg

et

(4)4 Stop, reject Hg

—
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Sequential experiment: simultaneous SPRT

Sequential log-likelihood ratio statistics -
A4 # Stop, reject Hy g <

Speed ~ slope

) 44 Stop, reject Hy :
N = E(\Y)
= Kullback
information
A4 _~  Stop, reject Hy ?
W 7 i A3
A4 4 Stop, reject Hy

—
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Bonferroni vs Weighted Bonferroni

A
Bonferroni
Uniform error spending ~Ing
a= Z afk
J
p= Zﬁ/k : :
j In2 0 “lng A
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Bonferroni vs Generalized Bonferroni

A

Optimal error spending | ~ln2

\
\
\
Generalized Bonferroni \
\
\

Inaj ~ K(G(Aj), Gg))
Yaj=a
In 5 ~ K(63). 65))
Y B=8
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Minimax Error Spending, Sequential Bonferroni

Test H(()j) c 00 = 9[(5/) VS Hg) - 9U) = 9§j) with adjusted Wald
stopping boundaries a; = —Inaj, bj =Inf;, for j =1,... k.

Expected sample size is
E)n  ow(T) ~ max {aj/Kg) or — bj/Kéj)} < minimize in o, f3;
FARSS] Jj
subject to Zle aj = a, J’le Bj = B,

where K =K (69, 69) = —EoAY), KO =k (69, 69)) = EANY)

are Kullback-Leibler information numbers.

Asymptotic result for a multidimensional random walk: E(T) is
asymptotically proportional to the distance to the boundary along the
direction of E(N1) and inversely proportional to ||ENq]||.

Borovkov and Mogulskii (2001)
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Equalizer Solution for Sequential Bonferroni (k = 2)

an AE,Q)
Boundaries Accept H((,l) o Reject
a1, az; by, by Reject H(()2) = both H(()J)
solve
ANy 1—Inay
a1 =—Ilnm
a = —Inas 2 1 (2) /4(1)
a1+ as = a b KE\)/K(E) Ka'/Ka ap
2 1 2 1
- KK U —T
Zl - ::gl 77777777 TInp, NSNS\
D = 2
~ )
B+ Br=1 Accept 0 E Reject HO(Q)
both Hy £ R Accept H,
by |

Multiple Testing
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Equalizer Solution for Sequential Bonferroni (computation)

Minimax error spending and stopping boundaries
a; = CQKE) = —Inq;
b = —gKY = g

where ¢, and cg are unique solutions of

> exp {—CQKA({)} = «

> exp {—cﬁKéj)} = B
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Equalizer in terms of stopping boundaries

Equalizer solution

. . 2
3= (—Ina)K(09,69) T i
> aj =«
by = (In B)K (65, 65") n 0 Ty AD
Y. 8i=8
T In%

stopping boundaries
for LLR AY)
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The same equalizer in terms of LLR

A

Equalizer solution

o
In%

aj:—lnaj
Yaj=a
bj:h’l/@j

>.6=58

. T2,
aj, b; = stopping boundaries

for weighted LLR

) = A /K;
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Equalizer Solution for Sequential Bonferroni

A // Weighted LLR statistics
LAU)
Let \U) = 21
(2) 4.4 !
1
As /\/ “equalizing” slopes

= “equalizing” stopping times

Minimax principle:

.

AP = Sample until the /ast test is completed
/ Minimax strategy = equalizer

‘M’

Michael Barén, baron@american.edu Multiple Testing 88




Equalizer Solution for Sequential Bonferroni

A L/"” Weighted LLR statistics
NN
Let AY) = =0
Kj
)\(2)4  al .
n “equalizing” slopes
= “equalizing” stopping times
Minimax principle:
AR Sample until the /ast test is completed

Minimax strategy = equalizer

) V’”’”
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Minimax Error Spending with the Holm Method

Original (non-sequential) Holm treats all tests equally

Ordered p-values
pll < pld < < pldl

have to be compared against

so that in the proof,

FWER<... < P{min (pm\ HY is true) < dﬁ]“}

P {min (pU] | H([)j] is true ) < a}

IN

# true Héj)

IN

Dy
# true H(gj)

j:HY) is true
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Minimax Error Spending with the Holm Method

Order rescaled LLR statistics

1 1
MY = ’\571} <. <A o Aﬁd}; A = A[”1] <. <A A["d].
KD KD Kl Kl

Test them against stopping boundaries:

J We can show that
aj is a solution of Z exp {—ajKj\m}} = ap < ... < ak
m=1 by <...< by.
d—j+1
. . ' [m] _ K{m} — K(m:k)
b; is a solution of Z exp {ij0 } = 0. K%[\m] N K(i\*"’ﬂ %)
m=1 0 — 0

Stopping rule: T = min {n : )\}{,j} > aj or )\,L,” < b; Vj}.

Decision rule: reject Héj} for j : )\f,j} > aj.
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Minimax Error Spending with the Holm Method

Theorem.

The sequential stepwise multiple testing procedure based on
weighted LLR controls FWER; and FWER), at levels o and £.
Proof:

Let m = max {j : H(;U} is true } at time T.

Then, there are at most m true Hy's, |7| < m, and

FWERI = P {reject Hém}} - P{A{T’"} > am} < P{A{T’"} > am}
= g0 zar} <P 2ar)
JET

JET JET
|71 )

< Zexp{—a‘T‘K{f}} =«
j=1

Similarly, FWER-II < 5. Baron and MacMillan (2019)
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Minimax Error Spending with the Holm Method

Special case

For K1 = ... = K\ = K, the boundary values are solutions of:
— ;
jexp{—-Kaj}=a = aj:w,
In(3/(d —Jj+1))

(d—j+1ep{Kb} =6 = b= ",

so we have boundaries {In(5/(d —j + 1)), —In(a/j)} for /\[7'-].

This is the Holm-type stepwise sequential multiple testing
procedure. Special case!
De, Baron (2012b)
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Minimax Error Spending with the Holm Method

Example.
Normal(#(1) 1), test H(()l) D=0 s Hﬁ\l) 9 =05
Normal(A(),0.2), test H(()l) 0 =0 vs Hi‘l) 01 =05
Bernoulli(6(3)), test H(()3) 0BG =05 vs Hi‘3) :0B) = 0.75
Bernoulli(6®),  test HS" : 6@ =05 vs H: 6™ =06
E(T) Sequential Procedure
true : , Generalized Weighted
hyﬁotheses Bonferroni | Stepwise Bonferroni Steswise
4 211 150 113 110
3 215 178 111 97
2 212 196 115 105
1 213 193 114 94
0 181 120 121 103

Michael Barén, baron@american.edu
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Non-sequential analogue of sequential Holm

order kKM <. < kM and kT < ... < K[

Let a, be the unique solution of

d—k+1

Z exp {—akKH]} = q.

Jj=1

Define weighted p-values gU) = — Iog(p(f))/K(j); order them,
Reject HH. ..., Hom], corresponding to glll, ... g™ where
m = max {j gl > aj}; accept all H(()J) if gll < aj for all j.

Theorem. The proposed step-down multiple testing procedure

with critical values a; for weighted p-values gVl controls the Type
| familywise error rate, FWER, < a.
Baron, MacMillan (2019)
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Related problems — retrospectively

Considered problem:
Er(T
max E7(T)

or max nj
J

— min under FWER, < o, FWER;; < 8

Retrospective error spending:

A sample of size n has been collected.
Partition a = ) aj to maximize power and minimize § =) f3;.

C+6%n
Solution: aj = o ————L
2(5jﬁ

where C is the unique solution of

o1 C+5j2n
Z “20/m )

\ J
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Related problems — cost and loss

Considered problem:
Er (T
max E7(T)

or max nj
J

< min under FWER, < o, FWER;; < 8

Related problems:

wy = cost of each sampling unit under T

Let| 1(7) = prior probabilities

e Minimize max wrE7(T) = worst risk

e Minimize ZTF(T)WTET( T) = Bayes risk

—
e Minimize > 7(T)E7(T) = overall ASN
T
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Related problems — minimax risk optimization

v - 0)
Loss function L%j) loss for a Type | error on H '
L5’ = loss for a Type Il error on HU)

Minimize Rmax(c,3) = max max {angj), Bng)}
j=1,..k

subject to Y oy =aand ) f; =f

This risk splits Rmax(a, 3) = max {maxangj), maxﬁng)}
J J

LY LY

Minimize separately, min max o and min max 3;
a J

Equalizer solutions = | «;

YT T |
Con(wd) T s (we?)
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Risk-Optimal Holm Solution

Bonferroni suggests stopping boundaries for LLR /\9)

a3 = —Ina = InL(l’j)+C1
b = B = —hid+6

But for Holm, Zaj > q, Zﬁj > f.
J J

Define shifted LLR UY) =AY —1n 19 vP = AP 410 1D);

order Uil} <...< Ugd}, V,;{l} <...< V,;{d}, at time n.

Test them against stopplng boundaries:
d—j+1

——IogOz—HOgZW, = log B — log Z
m=1 =1

( Lij} is the j-th smallest LY and ng} is the j-th smallest ng) )
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Risk-Optimal Holm Solution

Stopping rule .

T* = min n: ﬂ (U,(#) Z ar(j) U \/,S‘I) S bs(j))
j=1
where r(j) = rank of U-(*rj) among U(l), e Usf(); s(j) = rank of
V(TJ) among V(Tl), cees V(Tk)
Decision rule: reject Héj} iff U.{,!*} > aj.
Theorem.
@ The stopping time T* is proper.

@ This multiple testing procedure controls FWER; and FWER,
at levels a and f.
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6. Truncated group sequential design for multiple

testing

Sample in groups of size m.

Control

Familywise Type | error rate < «
Familywise Type Il error rate < 3

o P(T<K)=1,
T is stopping time, K = max allowed number of groups

Do it at low expected cost

Jennison & Turnbull (2000)
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Bonferroni approach

Choose
€(0,1), Y aj=o; Bie(0,1), > B=p
Test H(gj) at level o and power (1 — f3;) by any known sequential

procedure (e.g., Pocock, O'Brien-Fleming, Wang-Tsiatis,
Whitehead triangular tests)

d
P U Type | error on H(()J) < Z P (Type | error on Hé”)
j=1
= Z aj =«
d . .
P U Type Il error on HE\J) < Z P (Type Il error on Hg”)

j=1
=) 8=
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Group sequential tests

For each Hé’j), use a group sequential (¢, fj)-test

Zi 1 Pocock test Z, 1 O’Brien-Fleming test
k k
Z Whitehead test Ak Truncated SPRT

Next: improve Bonferroni using truncated SPRT
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Truncated SPRT

Stopping Time and Decision Rule

Following SPRT approach for single hypothesis testing, truncated
SPRT is based on log-likelihood rations

f(x|01)

f(x60)

Ap=1In

Stopping time
T =min(K,min{n: A, ¢ (b,a)}) < K
Decision rule,

5= reject Hyp ifAr>a or A7 >cnNT =K
| accept Hy ifAT<b or Ar<cnNT=K
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Truncated SPRT (cont'd)

A .
o Reject Hy
a T
S
R
X
x
c + ]
T k
0 % | % % % —r = -
Q
(V]
Q
Q
b <
Accept Hy

Michael Barén, baron@american.edu Multiple Testing



Truncated SPRT (cont'd)

@ Evaluate performance of TSPRT, probabilities of Type | and
Type Il errors.

e Find equations of the stopping boundaries and the required
group size to control P{Type | error} and P{Type Il error}.

@ Then develop Holm-type stepwise sequential procedures to
test d hypotheses controlling familywise error rates | and II.
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Comparison of SPRT and TSPRT

A j A
Kk Reject Hy Both tests reject Hp Kk Reject Hy Both tests accept Ho
/ a
Case 1 // Case 2
1 PR c L PR
, y , , , , , , K 0 , y , , , , , , K
f : f f f —x f f f : f f f —x | f
] b \
Accept Hy Accept Hy \
A TSPRT rejects Hy A TSPRT accepts Hy
, Reject Hy but SPRT accepts it K Reject Hp but SPRT rejects it
a .4
Case 3 Case 4
1 1 ct p—
t t t t t t t + k 0 + + t t t t t t k
K K
] b
Accept Hy \ Accept Hy
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TSPRT and Error Probabilities

Start with (a*, *)-SPRT.

P {Type | error by TSPRT}

= Py, {Type | error by SPRT}
+ Py ({1, .. Ak—1 €(b,a)} N {Ak €[c1,a)} N {Ax < b before Ay > a})
— Puy({A1, .. Ak—1 €(b,a)} n{Ak € (b, c1)} N {Ax > a before A < b})

< o +Pp, {Case 3} —Pp, {Case 4}

9*
where A = E In ):;60)
_ (%

Similarly,

P {Type Il error by TSPRT} < 3*+Pp, {Case 4} — Py, {Case 3}
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Truncated SPRT and Optimal Error Spending

Choose c; to attain P(Type | error) < «,

and ¢ to attain P(Type Il error) < 3.

Lemma

For a sufficiently large group size m, c1 < ¢, and therefore, the
union of the rejection region and the acceptance region for the
statistic Nk at the truncation point K is R.

Theorem

The truncated group sequential procedure with error spending o*,
(o — ), B*, and (B — B*), decision boundary c € [ci1, c2], and the
group size m guaranteed by Lemma controls the probability of Type
I error at level o« and the probability of Type Il error at level 5.
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TSPRT Performance under Hy

(. B) 5 Pollock-Golhar test Zhao-Baron test
’ m  Ep(mT) P(T=K)| m Egu(mT) P(T=K)
(0.01, 0.01) | 0.5 | 55 69.85 0.270 49 57.03 0.164
(0.02, 0.02) | 0.5 | 40 54.40 0.360 38 46.80 0.232
(0.05, 0.05) | 0.5 | 24 35.52 0.480 25 32.98 0.319
(0.01, 0.02) | 0.5 | 48 60.96 0.270 43 50.49 0.174
(0.05, 0.10) | 0.5 | 22 31.02 0.410 21 26.68 0.270

(0.01,0.01) | 0.2 | 275  382.25 0.390 301  356.44 0.184
(0.02,0.02) | 0.2 | 215  309.60 0.440 236 292.52 0.239
(0.05,0.05) | 0.2 | 139  211.28 0.520 156  206.69 0.325
(0.01, 0.02) | 0.2 | 274  361.68 0.320 267  315.54 0.182
(0.05, 0.10) | 0.2 | 137  193.17 0.410 126 166.72 0.323
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TSPRT Performance under Hy

(. B) 5 Pollock-Golhar test Zhao-Baron test
’ m Eu,(mT) P(T=K)| m Ep(mT) P(T=K)
(0.01, 0.01) | 0.5 | 55 69.85 0.270 49 57.03 0.164
(0.02, 0.02) | 0.5 | 40 54.4 0.360 38 46.80 0.232
(0.05, 0.05) | 0.5 | 24 35.52 0.480 25 33.07 0.323
(0.01, 0.02) | 0.5 | 48 64.32 0.430 43 53.27 0.239
(0.05, 0.10) | 0.5 | 22 33.22 0.510 20 28.53 0.427

(0.01,0.01) | 0.2 | 275  382.25 0.390 301  356.44 0.184
(0.02,0.02) | 0.2 | 215  309.60 0.440 236 292.52 0.239
(0.05,0.05) | 0.2 | 139  211.28 0.520 156  206.69 0.325
(0.01,0.02) | 0.2 | 274  380.86 0.390 268  332.92 0.242
(0.05, 0.10) | 0.2 | 137  206.87 0.510 123 178.32 0.450
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Truncated Multiple Testing Scheme

Stopping boundaries
a* /8*
j = —log ————, bj =log—
TR T 8

ay>...>aqg>by>...> by, fork<K,J:1,...,d

Decision boundaries at k = K,

M- o AT g PP
! d—j+1 7 J

Group size m be the smallest satisfying (][c1 e )] + O,

j=1
and in this case, the decision boundary at kK = K is any number ¢

that belongs to the intersection
ce (][c1 , c2
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Truncated Multiple Testing Scheme

Stopping time T = min {K, min < ﬂd /\[’] € (bj, aj))} ;

where /\g] is the j-th largest log-likelihood ratio at time k.

If T < K, acceptance or rejection of each H(()j) is decided according
to whether /\ki] < bj or /\,L(” > aj.

At T = K, all the null hypotheses Héj) corresponding to /\(kj) >c
are rejected, and all the others are accepted.

Theorem

The introduced stepwise truncated sequential multiple testing
procedure guarantees simultaneous control of the Type | familywise
error rate at level a and the Type Il familywise error rate at level 5
and stopping no later than at T = K.
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Performance of Truncated Sequential Multiple Testing
Scheme
Number of Expected Expected T}./pe I Ty'pe I.I
true null number of . familywise familywise
sample size
hypotheses groups error rate error rate
Stepwise truncated group sequential procedure
0 4.779 81.243 0 0.093
1 5.101 86.717 0.015 0.079
2 5.153 87.601 0.021 0.044
3 5.028 85.476 0.038 0.024
4 4.469 75.973 0.047 0
Bonferroni truncated group sequential procedure
0 5.411 91.987 0 0.089
1 5.322 90.474 0.011 0.074
2 5.340 90.780 0.020 0.039
3 5.290 89.930 0.032 0.022
4 5.182 88.094 0.044 0
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Conclusions

Sequential schemes for multiple testing require smaller expected
sample size.
Additional cost savings can be achieved by:

@ Holm-type stepwise schemes

e Equalizer rules

@ Optimal error spending and weighted statistics
@ Controlling for generalized error rates

@ Combination of the above

And still....

The actual FWER and GFWER for both sequential and
non-sequential are still noticeably lower than the nominal levels
due to the use of Markov/Bonferroni inequalities
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Continuing a 20-year
history of IWSM

Check the conference
website for updates
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Michael Baron
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Yaakov Malinovsky

yaakovm@umbc.edu
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2026 WNAR/IMS Annual Meeting AT
June 14-17, 2026. Pullman, Washington, USA
w https://wnar.org/wnar2026
Washington State University in Pullman offers a beautiful
summer setting for a conference, combining the energy
of a vibrant campus with the charm of the surrounding
Palouse region. Warm, sunny days highlight the rolling
hills of wheat fields that create one of the most picturesque
landscapes in the Pacific Northwest.

There will be short courses, a plenary lecture, invited
and contributed sessions, young investigator events,
and a Student Paper Award with oral sessions. Email

programchair@wnar.org or wnar@wnar.org with questions.

International Workshop in Sequential Methodologies
June 1-4, 2026

American University, ; i ID§M i E
w https://www.american. il fcpagiii; e
edu/cas/iwsm2026/

Washington DC, USA
Now an IMS co-sponsored meeting.

Registration is open for the ninth International Workshop
in Sequential Methodologies IWSM). This biannual con-
ference will bring together researchers and practitioners to
explore advances in sequential statistics, related areas of sta-
tistics and applied probability, and their many applications.

The technical program consists of theoretical and
applied presentations in the areas of sequential testing,
change-point detection, sequential estimation, selection and
ranking, machine learning, artificial intelligence, clinical
trials, adaptive design, stochastic quality and process con-
trol, optimal stopping, stochastic approximation, applied
probability, mathematical finance, and related fields of
probability, statistics, and applications.

The program features plenary lectures by leading experts
in sequential statistics, including Moshe Pollak (Hebrew
University), Alexander Tartakovsky (AGT StatConsult),
Dong-Yun Kim (NIH), Jay Bartroff (University of Texas),
and Peihua Qiu (University of Florida).

The regularly updated site has registration information,
as well as on- and off-campus lodging reservations. Early
registration ends on April 1, 2026.

Any questions? Innovative ideas, requests, or oppor-
tunities? Please contact the IWSM 2026 Organizing
Committee: Michael Baron, American University (baron@
american.edu), and Yaakov Malinovsky, University of
Maryland, Baltimore County (yaakovm@umbc.edu).

SSP 2026: Seminar on Stochastic Processes
March 25-28, 2026. Union College, Schenectady, NY, USA

w https://www.math.union.edu/~marianop/SSP2026/

SSP 2026 will be held March 26-28, 2026, with tutorial lectures delivered
on March 25 by Timo Seppildinen. The invited speakers will be Sarai
Hernindez-Torres, Davar Khoshnevisan (The Founders Lecturer), Mateusz
Kwasnicki, Miklos Z. Racz, and Simon Tavaré. Registration is open now,

via the website above.

International Symposium on Nonparametric Statistics (ISNPS 2026)

June 22-26, 2026, Thessaloniki, Greece

w https://easyconferences.eu/isnps2026/

The International Symposium on Nonparametric Statistics (ISNPS 2026)
will be held in Thessaloniki, Greece, June \'
22-26, 2026. This global forum will bring \’

\&; 2026
A PS

THESSALONIKI

together researchers from around the world
to exchange ideas, foster collaboration, and
advance the fields of nonparametric statis-

tics, data science and machine learning.

Building on the success of previous
meetings, the 2026 symposium will feature
plenary lectures, special invited sessions, contributed talks, and a dedicated
student poster session. A student paper competition will be held within
the poster session, with travel support awarded to the winners. Professor

Jianqing Fan (Princeton University) will deliver the Peter Hall Lecture.

The 4th Joint Conference on Statistics and Data Science (J(SDS 2026) XD
July 11-13, 2026. Guiyang, Guizhou China
w https://jcsds2026.scimeeting.cn/en/web/index/31392
Jointly organized by the Chinese Association for Applied Statistics,
Probability and Statistics Society of China, Association for Industrial
Statistics Teaching, Business Statistics Society of China, the China Medical
Association’s Biostatistics Division and IMS—China. Since its inaugural
meeting in 2023, JCSDS has become one of the world’s largest gatherings
in statistics and data science. The previous three meetings attracted
1800—2100 participants from 20+ countries. JCSDS typically has 6 keynote
addresses, 100 invited sessions, and more than so contributed and poster
sessions. The 4th JCSDS will be staged together with the IMS—China
biannual meeting, with special sessions dedicated to the late Peter Hall, to
mark his 1o-year passing from us. In additional to the usual scholarly talks,
it will have forums for Developing Statistics and Data Science in the era of
Al industry exhibitions, and extensive networking opportunities.

Important dates: Early-bird registration deadline May 16, 2026.
Contributed talk & poster submission April 30, 2026. Accommodation
booking deadline July 3, 2026.

We look forward to welcoming you to the beautiful “Forest City” of

Guiyang in July 2026 for another unforgettable JCSDS!
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Non-sequential generalized Bonferroni, general case

Bahadur efficiency
For the p-value pU) of the j-th test,

lim inf 1 log(pY)) > —Kg)

nj%oo nj

with equality for LRT that rejects Héj) when /\(,,J') is large.
Bahadur (1967)
Bonferroni multiple testing procedure based on A, with

aj = exp (—caKX)),

C, being the unique solution of ZJ- exp (—caK/(\j)) =q,is
asymptotically optimal in Bahadur sense, and it controls
FWER, < a. Similarly, with 8; = exp (—csKY)), c5 solving
> exp (—CBK(EJ)) = f3, controls FWER); < 3.
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